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Subdividing a Graph Toward a Unit-distance Graph in the Plane
SEVERINO V. GERVACIO AND HIROSHI MAEHARA
The subdivision number of a graph G is defined to be the minimum number of extra vertices
inserted into the edges of G to make it isomorphic to a unit-distance graph in the plane. Let t (n) denote
the maximum number of edges of a C4-free graph on n vertices. It is proved that the subdivision
number of Kn lies between n(n − 1)/2− t (n) and (n − 2)(n − 3)/2+ 2, and that of K (m, n) equals
(m − 1)(n − m) for n ≥ m(m − 1).
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1. INTRODUCTION
By a unit-distance graph in R2, we mean a graph whose vertices are points in R2 and the
euclidean distance between any pair of adjacent vertices is 1. Let us call a finite graph G
equilaterally representable (simply representable) in R2 if there is a unit-distance graph Gˆ in
R2 that is isomorphic to G. The graph Gˆ itself is called a representation of G. Note that not
every graph is representable in R2. For example, the complete graph K4 is not representable in
R2. However, every finite graph G is homeomorphic to a unit-distance graph in R2, that is, by
inserting a number of vertices into the edges of G, we can change G into a graph representable
in R2. This naturally leads to the following definition. The subdivision number of G (denoted
by sd(G)) is the minimum number of vertices we need to insert to change G into a graph
representable in R2. If G itself is representable in R2, then obviously sd(G) = 0. If G has
m edges, then sd(G) ≤ m. To see this, put the vertices of G inside a circle of radius < 1 on
the plane. By connecting each pair of vertices that are adjacent in G with a path of length 2,
we can obtain a unit-distance graph with m extra vertices that is homeomorphic to G. Hence
sd(G) ≤ m.
Let t (n) denote the maximum number of edges of a graph on n vertices containing no
4-cycle C4. A pair (x, y) of vertices of a unit-distance graph in R2 is called a remote pair if
‖x − y‖ ≥ 2. For the subdivision number of the complete graph Kn , we have the following.
THEOREM 1. sd(Kn) ≥
(
n
2
)− t (n). The equality holds if there is a unit-distance graph with
n vertices and t (n) edges that contains no 4-cycle and no remote pair.
It is known that t (n) < 14 n(1 +
√
4n − 3) for n > 3 and t (n) ∼ 12 n3/2 for large n. Hence
we have
lim
n→∞
sd(Kn)(
n
2
) = 1.
THEOREM 2. The values of sd(Kn), n ≤ 11 are as follows.
n 4 5 6 7 8 9 10 11
sd(Kn) 2 4 8 12 17 23 29 33
THEOREM 3. For every integer n ≥ 5, there is a unit-distance graph with n vertices and
2n − 5 edges that contains no 4-cycle and no remote pair.
COROLLARY 1. sd(Kn) ≤ 12 (n − 2)(n − 3)+ 2.
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THEOREM 4. For complete bipartite graphs we have the following.
sd(K (n, n)) ≤ (n − 2)2 +
⌈
n − 2
2
⌉
,
sd(K (m, n)) = (m − 1)(n − m) for n ≥ m(m − 1).
THEOREM 5. The values of sd(K (m, n)) for m ≤ 4, n ≤ 11 are as follows.
m n = 3 4 5 6 7 8 9 10 11
2 1 2 3 4 5 6 7 8 9
3 2 3 5 6 8 10 12 14 16
4 3 5 8 10 12 14 17 19 22
PROBLEM 1. Determine the maximum value of the subdivision number of a planar graph
of order n.
The diameter of an abstract graph G is denoted by diam(G). If Kˆ is a unit-distance graph
in the plane that is homeomorphic to Kn for large n, then diam(Kˆ ) ≥ diam(Kn) + 2 = 3.
This can be seen as follows. Since sd(Kn)/
(
n
2
) → 1 as n → ∞, there must be a pair of
independent edges of Kn both of which correspond to paths of length ≥ 2 in Kˆ , provided that
n is sufficiently large. Then the graphical distance between an interior vertex of one path and
an interior vertex of the other path is at least 3. Hence, diam(Kˆ ) ≥ 3 = diam(Kn)+ 2.
PROBLEM 2. Is it true that every graph G is homeomorphic to a unit-distance graph in the
plane whose (graph theoretic) diameter is at most diam(G)+ 2?
2. COMPLETE GRAPHS
LEMMA 1. Suppose that there is a unit-distance graph Gˆ with n vertices and m edges,
containing no 4-cycle, and no remote pair. Then sd(Kn) ≤
(
n
2
)− m.
PROOF. Let x, y be two nonadjacent vertices of Gˆ. Since ‖x − y‖ < 2, and since Gˆ has
no 4-cycle, we can connect x, y by a path xvy of length 2, v being different from all other
vertices. (If Gˆ contains a 4-cycle xwyz, then v is one of w, z, and it would be impossible to
connect x and y by a new path of length 2.) If we connect each nonadjacent pair by such a
path of length 2, we obtain a unit-distance graph that is homeomorphic to Kn . This completes
the argument since there are exactly
(
n
2
)− m nonadjacent pairs. 2
PROOF OF THEOREM 1. Suppose n > 2. Let Gˆ(n) be a unit-distance graph of minimum
order that is homeomorphic to Kn . Let Hˆn be the graph obtained from Gˆ(n) by eliminating the
vertices of degree 2, and let h(n) be the number of edges in Hˆn . Then sd(Kn) ≥
(
n
2
) − h(n).
If h(n) ≤ t (n), then we are done. Suppose that h(n) > t (n). Then Hˆn contains a 4-cycle
C (1)4 . Since K4 is not representable in R
2
, one of the diagonals of C (1)4 is missing in Hˆn . Since
K (2, 3) is not representable in R2, we need a path of length 3 to connect the two ends of this
missing diagonal. Hence
sd(Kn) ≥
(
n
2
)
− h(n)+ 1 =
(
n
2
)
− (h(n)− 1).
Now, if h(n)−1 ≤ t (n), then we are done. Suppose that h(n)−1 > t (n). Delete an edge of the
4-cycle C (1)4 from Hˆn . Then the resulting graph has h(n)−1 edges, and since h(n)−1 > t (n),
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it still contains a 4-cycle C (2)4 . Since we need a path of length 3 to connect both ends of a
missing diagonal of C (2)4 , we have
sd(Kn) ≥
(
n
2
)
− (h(n)− 1)+ 1 =
(
n
2
)
− (h(n)− 2).
Proceeding in this way, we eventually come to
sd(Kn) ≥
(
n
2
)
− (h(n)− k), with h(n)− k = t (n).
Hence we have sd(Kn) ≥
(
n
2
)− t (n).
Suppose that there is a unit-distance graph with n vertices and t (n) edges, containing no
4-cycle, no remote pair. Then, by Lemma 1, we have sd(Kn) ≤
(
n
2
)− t (n). 2
The next table show the values of t (n) for n ≤ 21 obtained by Clapham et al [1].
n 0 1 2 3 4 5 6 7 8 9 10
t (n) 0 0 1 3 4 6 7 9 11 13 16
n 11 12 13 14 15 16 17 18 19 20 21
t (n) 18 21 24 27 30 33 36 39 42 46 50
LEMMA 2. There is a unit-distance graph in R2 with 10 vertices and 16(= t (10)) edges
that has no 4-cycle and no remote pair.
PROOF. Let a′b be a chord of unit length of a unit circle C with center x . Let a be a
point on the minor arc â′b, and let ` be the line that bisects perpendicularly the line segment
aa′. Then ` passes through the center x of C . Consider the unit-distance graph with vertices
a, b, c, d, y and edges bc, cd, dy, cy, ad, shown in Figure 1. It is possible to move the vertices
c, d, y with a, b fixed and keeping all edge lengths, so that the vertex y comes to lie on the
line `. Then reflect this unit-distance graph with respect to ` to obtain another unit-distance
graph with vertices a′, b′, c′, d ′, y. Let Gˆ10 be the graph obtained from the union of these two
unit-distance graphs by adding edges a′b, ab′, xa, xb, xa′, xb′. Then Gˆ10 is C4-free with 10
vertices and 16 edges. As seen from Figure 1, it contains no remote pair. 2
PROOF OF THEOREM 2. By adding a vertex f to Gˆ10 together with two edges f b, f c of
unit length, we can obtain a unit-distance graph with 11 vertices and 18(= t (11)) edges,
which contains no 4-cycle and no remote pair. On the other hand, from Gˆ10, by removing the
vertex c, we obtain a graph with nine vertices and 13 = t (9) edges, by removing c, d , we
obtain a graph with eight vertices and 11 = t (8) edges, . . . , by removing a, b, c, d, a′, x , we
obtain a graph with four vertices and 4 = t (4) edges. These graphs contain no 4-cycle and no
remote pair. Hence sd(Kn) =
(
n
2
) − t (n) for n ≤ 11 by Theorem 1, and hence we have the
values of sd(Kn) in Theorem 2. 2
PROOF OF THEOREM 3. Starting from 5-cycle a1b1c1a2b2, let us make a graph Gn with
n vertices by adding n − 5 vertices of degree 2. First add four vertices c0, a0, c2, c3 to the
5-cycle a1b1c1a2b2, and then add
b3, c4, a3, c5, b4, c6, a4, c7, . . . ,
as in Figure 2. This graph Gn is clearly C4-free, and it has 2n − 5 edges. Let A, B,C be the
vertices of an equilateral triangle of unit side in the plane, and let U (A, ε),U (B, ε),U (C, ε)
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FIGURE 1. A C4-free unit-distance graph without a remote pair.
denote their ε-neighborhood, respectively. We can take a1, a2 in U (A, ε); b1, b2 in U (B, ε);
c1 in U (C, ε) so that
‖a1 − b1‖ = ‖b1 − c1‖ = ‖c1 − a2‖ = ‖a2 − b2‖ = ‖b2 − a1‖ = 1
and make a unit-distance graph that is a 5-cycle. If we choose ε sufficiently small, then we can
take ai ’s in U (A, 1/2), bi ’s in U (B, 1/2), ci ’s in U (C, 1/2) and make a unit-distance graph
isomorphic to the graph Gn . This unit-distance graph has no remote pair. 2
PROOF OF COROLLARY 1. For n ≥ 5, the corollary follows from Lemma 2 and Theo-
rem 3. For n < 5, sd(Kn) ≤ (n − 2)(n − 3)/2+ 2 clearly holds. 2
The following problem was posed by Erdo¨s a long time ago.
PROBLEM 3. How many edges can a unit-distance graph of order n in R2 have?
The k-cube Qk (representable in R2) has n = 2k vertices and k2k−1 = (n log2 n)/2 edges.
Spencer–Szemere´di–Trotter theorem [3] states that the number of edges in a unit-distance
graph with n vertices in the plane is O(n4/3).
3. COMPLETE BIPARTITE GRAPHS
LEMMA 3. Let the 3-cube Q3 be represented as a unit-distance graph in the plane with
partite sets {x0, x1, x2, x3}, {y0, y1, y2, y3} such that xi and yi are nonadjacent. Then one of
(x1, y1), (x2, y2), (x3, y3) is a remote pair.
PROOF. We may suppose that y0 lies inside the hexagon x1 y2x3 y1x2 y3, and x0 lies inside
(or on the boundary of) the rhombus x1 y2x3 y0, as shown in Figure 3. Then, since y2x0 is
parallel to y0x2, it follows easily that (x2, y2) is a remote pair. 2
In a bipartite unit-distance graph in R2, a pair (x, y) of vertices is called a remote hetero-
pair if ‖x − y‖ ≥ 2 and x, y belong to distinct partite sets.
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FIGURE 2.
FIGURE 3. A unit-distance representation of the cube Q3 in the plane.
THEOREM 6. Suppose that n ≥ m(m − 1). Then the maximum number of edges in a unit-
distance graph in R2 that is isomorphic to a spanning subgraph of K (m, n) is equal to n +
m(m − 1). Furthermore, there is a unit-distance graph without a remote hetero-pair that is
isomorphic to a spanning subgraph of K (m, n) having n + m(m − 1) edges.
PROOF. First, note that the maximum number of points obtained as the intersections of m
circles in the plane is equal to m(m − 1).
Now, consider a bipartite unit-distance graph in R2 with the partite sets {x1, . . . , xm},
{y1, . . . , yn} that has as many edges as possible. Draw m unit circles with centers xi , i =
1, . . . ,m. Suppose that y1 is the intersection of j (> 2) circles. Then 2 j edges go out from
y1 in Gˆ. By translating one of the j circles (together with its center) slightly, we can produce
j − 1 more intersections. Then, by replacing j − 1 vertices that are not the intersections of m
circles with these newly produced j − 1 intersections, we can increase the number of edges
by 2( j − 1)− 2 = 2( j − 2). Thus, if there is a vertex of degree greater than 2, we can mod-
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ify the graph and increase the number of edges. Hence the maximum number of edges are
attained when there are m(m − 1) vertices of degree 2. Then the number of edges is equal to
n − m(m − 1)+ 2m(m − 1) = n + m(m − 1).
It will not be difficult to see that we can take x1, . . . , xm inside a circle of radius 12 . Then
the bipartite graph has no remote hetero-pair. 2
PROOF OF THEOREM 4. First note that it is possible to represent the 3-cube Q3 by a unit-
distance graph that has only one remote pair.
Suppose that n = 2k + 2. Consider a unit-distance graph Gˆ in R2 obtained as the union
of k 3-cubes Q(1)3 , . . . , Q(k)3 sharing the same 4-cycle in common, each Q(i)3 having only one
remote pair. (If k = 0, then Gˆ is a 4-cycle.) By flexing Gˆ if necessary, we may assume that
Gˆ has only k remote pairs. Gˆ contains 2n = 2(2k + 2) vertices and 12k − 4(k − 1) =
8k+4 edges. To extend Gˆ to a unit-distance graph homeomorphic to K (n, n), we have to add
n2 − (8k + 4) = (n − 2)2 paths, k of them are of length 3 to connect remote hetero-pairs.
Hence sd(K (n, n)) ≤ (n − 2)2 + k = (n − 2)2 + d(n − 2)/2e.
Now let n = 2k + 1. In this case, we consider the unit-distance graph Hˆ obtained from Gˆ
by removing a pair of adjacent vertices that are not contained in the common 4-cycle. Then Hˆ
has 8k−1 edges, and to extend Hˆ to a unit-distance graph homeomorphic to K (n, n), we have
to add n2 − 8k + 1+ k − 1 vertices. Hence sd(K (n, n)) ≤ (n − 2)2 + k = n2 + d(n − 2)/2e.
To see the latter part of the theorem, take a bipartite unit-distance graph Gˆ such that (1) Gˆ
is isomorphic to a spanning subgraph of K (m, n), and (2) Gˆ has the maximum number of
edges, and (3) Gˆ has no remote hetero-pair. Then, to extend Gˆ to a unit-distance graph
homeomorphic to K (m, n), it is necessary to add mn − (n + m(m − 1)) vertices. Hence
sd(K (m, n)) = mn − (n + m(m − 1)) = (m − 1)(n − m). 2
THEOREM (JOHNSON). If three unit circles pass through a common point, then their other
three intersections lie on another unit circle.
For the proof, see, e.g., Po´lya [2]. By a system of circles, we mean a collection of circles in
the plane in which each pair intersect at two points. Given a system of circles, an intersection
is called k-fold if exactly k circles pass through the point.
From the above theorem, we have the next corollary.
COROLLARY 2. Suppose that a system of four unit circles has three 3-fold intersections.
Then the number of intersections is four, all 3-fold, and by connecting each intersection to the
three centers with unit line segments, we have a representation of the 3-cube Q3. 2
The following lemma will be easy.
LEMMA 4.
(1) If a system of three circles has a 3-fold intersection, then the number of intersections is
four.
(2) If a system of four circles has a 4-fold intersection, then all other intersections are
2-fold, and the number of intersections is seven.
(3) If a system of four circles has exactly two 3-fold intersections, then the number of inter-
sections is eight.
(4) If a system of four circles has only one 3-fold intersection, then the number of intersec-
tions is ten.
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PROOF OF THEOREM 5. Let us denote by e(m, n) the maximum value of the number of
edges appearing in a unit-distance graph that is isomorphic to a spanning subgraph of K (m, n).
By Lemma 4, it follows that e(3, 3) = 7, e(3, 4) = 9, e(3, 5) = 10. It is not difficult
to see that there are bipartite unit-distance graphs attaining these values that have no remote
hetero-pairs. Hence we have sd(K (3, 3)) = 2, sd(K (3, 4)) = 3, sd(K (3, 5)) = 5.
Similarly, from Corollary 2, and Lemma 4, it follows that
e(4, 4) = 12, e(4, 5) = 13, e(4, 6) = 14, e(4, 7) = 16,
e(4, 8) = 18, e(4, 9) = 19, e(4, 10) = 21, e(4, 11) = 22.
Except the two cases e(4, 4) = 12 and e(4, 5) = 13, it is possible to construct bipartite
unit-distance graphs without remote hetero-pairs that attain such values. For the two cases
e(4, 4) = 2 and e(4, 5) = 13, there are ones each having a remote hetero-pair. Hence we have
the values of sd(K (4, n)) for n = 4, 5, . . . , 11 as in the theorem. 2
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